We show how applying field conjugated to the order parameter may act as a very precise probe to explore the probability distribution function of the order parameter. Using this "magnetic-field scanning" on large-scale numerical simulations of the critical two-dimensional XY model, we are able to discard the conjectured double-exponential form of the large-magnetization asymptote.
I. INTRODUCTION
Derivation of the complete equation of state of a manybody system is generally a formidable task. When the system may appear under various phases at the thermodynamic equilibrium, this problem requires knowledge of the exact probability distribution function ͑PDF͒ of its order parameter. Despite a number of attempts, just a few instances are available ͓1͔. Even the exact PDF for the two-dimensional ͑2D͒ Ising model is still unknown.
Within this context, the critical point is very particular, since the universality concept tells us that only limited information is needed to obtain the complete leading critical behavior. For instance, general arguments give precisely the tail of the critical PDF, P͑m͒, for the large values of the order parameter, m, namely ͓2͔,
, ͑1͒
with c a positive constant and ␦ the magnetic field critical exponent, or the distribution of the zeros of the Ising partition function in the complex magnetic field ͓3͔ ͑such a partition function is Fourier transform of the PDF͒.
In the present work, we explain how the real magnetic field can be generally used as a very accurate probe to scan quantitatively the zero-field PDF tail, exemplifying the method with the critical 2D XY model. By the way, we will see that the popular double-exponential approximation of the PDF for this system in the low-temperature range cannot be correct at the critical temperature, and we provide alternative approximation which is consistent with the critical behavior. Consequently, our results discard possible fundamental connection between the behavior of this magnetic model at the critical point and the field of extreme value statistics.
II. FORMER APPROXIMATION OF THE MAGNETIZATION PDF FOR THE CRITICAL 2D

XY-MODEL
It was argued ͓4-7͔ that the PDF P͑m͒ of the magnetization m of the 2D XY model, at temperatures smaller but close to the Berezinskii-Kosterlitz-Thouless ͑BKT͒ critical temperature, could be approximated by the generalized Gumbel form,
where the reduced magnetization z = ͑m − ͗m͒͘ / is used. From low-temperature spin-wave theory and direct numerical simulations, one obtains ͓5͔ a Ϸ 1.105; b Ϸ 1.74; Ϸ 0.69. ͑3͒
It was regularly noticed ͓5͔ that the form ͑2͒ cannot be the exact solution of the corresponding statistical problem, and the alternative form ͑1͒ was proposed ͓5͔. Indeed, Eq. ͑2͒ is inconsistent with the general behavior ͑1͒, since ␦ = 15 for the 2D XY model. On the other hand, Eq. ͑2͒ is appealing, as it suggests connection between the 2D XY model close to the critical temperature and the statistics of extreme variables ͓8͔. Therefore, the question of a possible bridge between these two active fields of statistical physics should be examined precisely. The additional question to know whether relation ͑1͒ could fail for this system is also fundamentally important. We will examine hereafter these two questions.
III. TWO ALTERNATIVE HYPOTHESIS
We consider the 2D XY model ͓9͔ on a square lattice of size L ϫ L with periodic boundary conditions. The N = L 2 classical spins are confined in the x-y lattice plane, and they interact according to the Hamiltionian H =−J͚ ͗i,j͘ S i · S j , where J Ͼ 0 is the ferromagnetic coupling constant and the sum runs over all nearest-neighbor pairs of spins. Eventual critical features are characterized by the singular behavior of the scalar magnetization per site: m ϵ 1 N ͱ͚͑ i S i ͒ 2 , which is a non-negative real number. We define also the instantaneous magnetization direction as the angle such that ͚ i S i x = mN cos and ͚ i S i y = mN sin . There is a continuous line of critical points for any temperature below the critical BKT temperature T BKT ͓10͔. In this region, 0 ഛ T ഛ T BKT , the system is critical, and asymptotic ͑i.e., L → ϱ͒ self-similarity results in the so-called first-scaling law ͓11͔:
and ⌽ T is a scaling function which depends only on the actual temperature T. Under this form, the hyperscaling relation, ͗m͘ / = constant term, is automatically realized. Equation ͑4͒ is sequel of the standard finite-size scaling theory ͓12͔, but it is highly advantageous that Eq. ͑4͒ does not require knowledge of any critical exponent. Figure 1 gives a numerical exemplification of the first-scaling law at T BKT , and illustrates the overall shape of the distribution ⌽ c ͑z 1 ͒ ͑hereafter, the index"c" refers to the BKT critical point, T = T BKT ͒. We separate the free energy F of the 2D XY system at equilibrium ͑temperature T =1/␤͒ into the sum of a regular part describing the small values of the magnetization, a singular part ͓14͔ vanishing as the essential singularity ͓15,16͔ when T → T BKT , and a regular part for the large values of the magnetization, namely,
Clearly, discussion on the system behavior can be carried out either through the free energy ͑5͒ or the first-scaling law ͑4͒, since ln P͑m͒ =−␤F͑m͒ + constant term.
A. The regular small-m tail
As the singular behavior should vanish at the BKT transition, we study first the regular small-m behavior of P͑m͒ at T = T BKT . Numerical results for P c ͑m͒ are shown in Fig. 2 in the form ͑4͒. They suggest the leading form
B. The singular small-m tail
We consider now the singular part of the free energy through the combination ln(͗m͘P͑m͒) −ln(͗m͘ c P c ͑m͒) vs the reduced magnetization z 1 ϵ m / ͗m͘. The data plotted in Fig.  3 , suggest a cubic z 1 3 behavior:
for every T Ͻ T BKT , and for the values of m smaller than the mean. Moreover, c͑T BKT ͒ =0. 
C. The large-m tail at BKT point
Instead of using multicanonical Monte Carlo simulations ͓17͔ which need too large system sizes to conclude ͓18͔, we consider static in-plane magnetic field, H, as a probe to study the features of the PDF for the large values of the magnetization. Indeed, as the intensity of H increases, the most probable magnetization, m H Ã , as well as its mean value, ͗m H ͘,
explores larger values of the PDF tail. We consider two alternative forms for the critical tail, namely, ͑a͒ the "Gumbellike" shape ͑2͒-noted below: "hypothesis ͑G͒"-which writes in the first-scaling form
with a 0 = a ϫ ͑͗m͘ c / c ͒ ͓Ϸ16.4 from Eq. ͑3͒ and Table I͔ , and 0 = e −a 0 . It is the form suggested in ͓4-6͔. ͑b͒ The "Weibull-like" critical shape-noted below: "hypothesis ͑W͒"-which is ͓20͔
with 1 a positive parameter, and ␦ +1=16 ͓21͔. Let be the direction of H with respect to the x axis ͓i.e., H = ͑H cos , H sin ͔͒. According to general thermodynamics, the magnetization PDF is given by P c ͑m ,
2 mH cos͑ − ͔͒, with the fieldless free energy F. The most probable magnetization direction is given by ‫ץ‬P c ͑m , H͒ / ‫ץ‬ = 0, leading to = , while the most probable magnetization, m H Ã , is the solution of the equation ‫ץ‬P c ͑m , H͒ / ‫ץ‬m = 0 for a given value of H. Rewritten in terms of the auxiliary variables X ϵ H / ͗m͘ c ␦ and
Eqs. ͑5͒ and ͑6͒, with hypothesis ͑G͒ or ͑W͒, result, respectively, in
which are implicit equations for the most probable magnetization, m H Ã ͑written in the combination Y͒ vs the magnetic field H and the system size N ͑written in the combination X͒. The constant A is such that
For the large magnetic field, m H Ã is expected to be much larger than ͗m͘ c , that is, X / Y ӷ 1. Consequently, the solution of Eq. ͑8͒ is
where C =−ln͑A 0 a 0 ͒Ϸ14.2 is a positive constant. Within the hypothesis ͑W͒, one has ͑X / Y͒ 1/␦ Ӷ X / Y, such that Eq. ͑9͒ shows that Y is asymptotically a constant
So, increase of Y with the intense magnetic field should be interpretated as a failure of ͑W͒.
IV. INFERENCE FROM THE NUMERICAL SIMULATIONS
Both solutions, Eqs. ͑10͒ and ͑11͒, are drawn in Fig. 4 in comparison with the results of large-scale numerical simulations of the 2D XY model with the in-plane magnetic field at the BKT temperature. It is clear that the numerical simulations are consistent with the hypothesis ͑W͒, while the double-exponential tail ͑G͒ should be discarded. This suggests the following form of the critical PDF for the 2D XY model: 
So, Eq. ͑2͒ appears to be a good approximation around the most probable magnetization, but is inconsistent with the general critical relation ͗m H ͘ ϰ H 1/␦ , unlike Eq. ͑12͒. By the way, the conjectured relation ͓5͔ b / a = / 2 writes simply b 1 =4, that we accept here as a conjecture ͑numerically b 1 Ϸ 12.7, see Fig. 2͒ .
V. CONCLUSION
In the present work, we explained how the use of the field conjugated to the order parameter provides unique information on the tail of the probability distribution function of the order parameter. This is of major importance for the critical systems, since the tail shape is directly linked to the value of the magnetic critical exponent. Therefore, this general method provides an alternative way to calculate or measure the critical exponent ␦.
We chose to use this method with the 2D XY model at the critical temperature. Indeed, a double-exponential approximation of the magnetization PDF in the zero magnetic field is found to be inconsistent with the critical behavior of the system-though correct near the most probable magnetization. Our analysis is only done at the BKT temperature. However, when the temperature is reduced the same type of solution ͑W͒, with different values of ␦, is expected along the line of critical points. Finally, the Gumbel distribution becomes a good approximation in the low-temperature range ͑spin-wave solution region͒ when excitations of vortex pairs are negligible.
